Minimal models for Hilbert modular surfaces of principal congruence subgroups  by Van Der Geer, G.
Topology. Vol. 18.~~. 29-39 
@ Pergamon Press Ltd., 1979. Printed in Great Britain 
004&9383/0101-0029/$02.00/0 
MINIMAL MODELS FOR HILBERT MODULAR 
SURFACES OF PRINCIPAL CONGRUENCE 
SUBGROUPS 
G. VAN DER GEER 
(Receioed 10 May 1978) 
INTRODUCTION 
IN 1970 HIRZEBRUCH succeeded in resolving the singularities of the Hilbert modular 
surfaces, thus opening the way to the geometric study of the Hilbert modular group 
for real quadratic fields. Since for discrete arithmetic groups r acting on a bounded 
symmetric domain D c C” the quotient D/I is of general type if r is small enough, 
almost all Hilbert modular surfaces are of general type. Now in the theory of 
surfaces, especially those surfaces which are of general type, a central role is played 
by the concept of exceptional curve of the first kind. Each algebraic surface of 
general type can be obtained in a unique way from a minimal algebraic surface, i.e. a 
slurface without such exceptional curves, by a series of monoidal transformations. For 
the study of surfaces of general type and in particular for the study of the behaviour 
of these surfaces under the pluri-canonical maps it is of crucial importance to know 
whether a surface is minimal or how a minimal model can be obtained. 
In [6] Hirzebruch and Van de Ven made a conjecture about the minimality of 
certain models Y’(D) of Hilbert modular surfaces in case D is a prime discriminant. 
This conjecture was generalised by Hirzebruch and Zagier to arbitrary 
discriminants[7]. Using configurations of curves Van de Ven and I established the 
conjecture for many Hilbert modular surfaces [3]. 
In this article we consider a generalisation of this conjecture to Hilbert modular 
surfaces of principal congruence subgroups of the Hilbert modular group. We show 
that our conjecture is implied by the conjecture of Hirzebruch and Zagier. Moreover, 
we prove that our conjecture is true if the norm of the ideal % which defines the 
principal congruence subgroup is greater than an effectively computable natural 
number ND 
This article constitutes a part of the author’s doctoral dissertation. He wishes to 
thank Prof. Van de Ven for his stimulating interest. 
$1. HILBERT MODULAR SURFACES OF PRINCIPAL CONGRUENCE SUBGROUPS 
In this chapter we introduce the Hilbert modular surfaces associated to principal 
congruence subgroups and give without proof the classification of these surfaces. 
Let K be a real quadratic field with ring of integers 6’ and discriminant D. To a 
non-zero integral ideal % of 0 we associate the subgroup I(D, 8) of SL2(6) defined by 
The index (SL,(O):I(D, %)) was computed by Hurwitz and equals N(‘%>311(l - 
N(‘$)-*) where N(s) is the norm of 5X and the product runs over the prime ideals 
dividing 112. Denote by X and %_ the upper- and lower half plane of C, respectively. 
The group I’(D, 8) acts as a subgroup of S&(O) discontinuously on XX X and 
X x X. Its action is effective if 2 $ ‘%. We denote by l?‘(D, %) the homogenised 
group, i.e. I’@, %) = I(D, 8) o{+l, -l}/{+l, - 1). If % # 6 and s2 # (2) or (3) then 
I’@, 32) acts freely. Let U be the group of units and U(8) the subgroup of those 
units which are congruent to 1 modulo 8. The group r(D, 8) also acts on K U {co}; 
the orbits are called the cusps. The number of cusps for the action of SL,(O) on 
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K U {m} equals the class-number h(D) of K. By comparing the isotropy groups of 
X,(6) and UD, 8) at a cusp m/n, one verifies that under the action of T(D, %) there 
are c(‘%)h(D)N(!J2)*II(l- N(B)-*MU : UCJD) cusps, where c(8) = l/2 if 2 E % and 
c(g) = 1 otherwise. 
The complex surfaces XX FX/I’(D, 8) and %X kK/r(D, %) each can be 
compactified by adding these cusps. The result is a singular complex algebraic 
surface. The group I’@, 0)/I”@, 8) acts on this surface. The singularities of these 
complex surfaces can be resolved in a unique way[4]. This yields a non-singular 
algebraic surface Y(D, %) or Y_(D, 8). (We will denote Y,(D, 0) by Y,(D).) It was 
shown by Hirzebruch how to compute the Chern numbers and the arithmetic genus of 
such surfaces. The surfaces Y,(D, %) are simply-connected. To prove this one needs 
the fact that r(D, %) is generated by elementary matrices, a result due to Vaserstein. 
The proof follows the same lines as that for the full Hilbert modular group. 
The curves Fn and TN = ,,N& &d z turned out to be very helpful in the study of 
the geometry of the Hilbert modular surfaces [4,6,7]. On the surfaces Y(D, 8) and 
Y_(D, %) one can introduce these curves in the same way as for Y(D, 6) and Y_(D, 6) 
(see[7]), e.g. the curve TN on Y(D, %!) is the compactification of the image in 
2 x X/T@, 82) of all curves in Xx X given by an equation of the form a1~/(D)z1z2 - 
A’z~ + AZ*+ u~V(D) = 0, ai E Z, A E 0, ala2D + AA’ = N. 
The involution of %‘x Z#’ (resp. Xx Z.) given by (zl,z2)~ (~2, zr) (resp. 
(Zl, z2) * c-z*, -z,)) induces an isomorphism from Y,(L), 8) to Y+(D, 8’) where ‘3’ is 
the conjugate ideal of %. In particular, if % = %’ it induces an involution on Y+(D, %). 
The Enriques-Kodaira classification of the Hilbert modular surfaces Y(D) was 
made by using the configurations of curves coming from the resolution of singularities 
and the curves Fn [4,6,71. This is explained in[61. The surfaces Y(D, %) and Y_(D, %) 
can be classified by the same methods. We give the result without proof. 
THEOREM 1. The Hilbert modular surface Y(D, %) for an ideal % C 6 with norm 
N=N(%)>l is 
a rational surface for 
D=5, N = 4 and 5, 
D= 8, N =i, 
D = 13, N = 3, 
D = 17, N =2, 
a blown-up K-3 surface for 
D = 8, N = 4, 
D = 12, N = 2 and 4, 
D = 28, N = 2, 
a blown-up honestly elliptic surface for 
D= 12, N = 3 and 6, 
D = 24, N = 3, 
and a surface of general type otherwise. 
THEOREM 2. The Hilbert modular surface Y-(D, ‘%) of an ideal % C 0 with norm 
N=N(%)>I is 
a rational surface for 
D = 5, N=4and5, 
D = 8, N = 2, 
D = 12, N = 2 and 3, 
D = 13, N = 3, 
D= 17, N = 2, 
a blown-up K-3 surface for 
D = 8, N = 4, 
D = 21, N = 3, 
D = 24, N = 2, 
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D = 28, N = 3, 
D = 33, N = 2, 
and a surface of general type otherwise. 
For an explanation of the classification of regular algebraic surfaces we refer to [6]. 
We only remark that a regular algebraic surface is either a rational surface, a 
blown-up K-3 surface, a blown-up honestly elliptic surface or a surface of general 
type, according to whether its Kodaira-dimension equals -l,O,l or 2, respectively. 
82. MINIMAL MODELS OF HILBERT MODULAR SURFACES 
2.1 
In the theory of surfaces an important role is played by the exceptional curves (of 
the first kind), i.e. non-singular rational curves with self-intersection -1. Many results 
can be much easier stated for surfaces which are free of such curves. For instance, if 
X is a minimal surface of general type (i.e. which does not contain exceptional 
curves) with arithmetic genus x and first Chern number c,* and canonical bundle K, 
then the n-th pluri-genus P.(X) = dim H’(X, K@“) can be computed from x and c,*: 
P,(X) = ; n(n - 1)q2 + x, n 2 2. 
If Y(D, %) is of general type, P,(Y(D, %)) is just the dimension of the space of 
Hilbert forms of weight 2n which can be extended holomorphically over the cusp 
resolutions. Each complex surface can be obtained from a surface without ex- 
ceptional curves by blowing up successively a number of points. If a regular surface 
Y is not rational then there exists, up to isomorphism, only one surface Y’ free from 
exceptional curves from which it can be obtained in this way. This surface Y’ is called 
the minimal model of Y. In this chapter we shall study the question of minimality for 
the Hilbert modular surfaces Y(D, ‘32) and Y_(D, %). 
First we give some propositions which we need in the sequel. Let S be a 
non-singular algebraic surface of general type and let K be the canonical divisor class 
on S. 
A non-singular rational curve with self-intersection number -2 will be simply 
called a (--2)-curve. 
PROPOSITION 3. Let S be a surface of general type free from exceptional curves. If C 
is an irreducible curve on S then KC 2 0 and if KC = 0 then C* = -2 and C is a 
non-singular rational curve. Moreover, the number of (-2)-curves on S is finite and all 
of them are numerically independent on S. 
The proposition implies that on a surface of general type, not necessarily minimal, 
one always has KC 2 -1 for each irreducible curve on S. In fact KC = -1 implies that 
C is exceptional and KC = 0 implies that C is a (-2)-curve. For a proof of the 
proposition see [ 11. 
Remark. Let X be a (blown-up) K-3 surface or a (blown-up) honestly elliptic 
surface fibred over a PI. If C is a non-singular rational curve then KC Z= -1. (If 
KC d 0, then C is an exceptional curve or a (-2)-curve.) Indeed, otherwise the 
adjunction formula KC + C* = 2n(C)-2 would imply that C2 5 0, and hence that X is 
rational (see [6]). 
The next proposition is a generalisation of a proposition in[3]. By a chain 01 
curves on a surface S we mean a set of irreducible curves Bi, . . . , B, with the 
following intersection behaviour: 
BiBj = lif(i-jJ= 1 
0 otherwise. 
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PROPOSITION 4. Let B,, . . . , B, be a chain of (--2)curves on S and let D and R be 
divisors containing none of the Bi i = 1,. . . , n. D, R 2 0. Set DBi = di i = 1,. . . , n. If 
2 biBi + D + R with RBi 2 0 is a (multi-) canonical divisor on S, then 
i=l 
bi 2C ” ‘(“,‘j ;j) dj+zj(n;;; i, dj 
j=i j=l 
for all 1 C i < n. 
Proof. From the equation mKBi = 0 i = 1,. . , n i.e. (i biBi+D+R)Bi=O we 
i=l 
infer 2bi = bi_1 + bi+l + di + ri i = 1, . . ., n with bo = b,+l = 0 and ri = RBi. We 
can write bi+l- bi = bi - bi_l- di - ri. BY summation we get bi+r = 
(i + l)b, - (i(dl + rl) + (i - l)(dz + r2) + . . . + (di + ri)) and bl = (l(n + 1)) (n(d, + r,) + 
(n - l)(d2 + r2) + . . . + (d, + r”)) i.e. 
(n + 1) - bi = 2 i(n + 1 - j)(dj + rj) +:z j(n + 1 - i)(dj + ri) 
j=i 
with ri 3 0 from which the proposition follows. 
Let us denote by BY the union of all curves on the Hilbert modular surface Y that 
arise from the resolution of singularities. The following important proposition is a 
slight generalisation of a similar one we gave in[3]. 
PROPOSITION 5. Let C be a non-singular rational curve on the Hilbert modular surface 
Y. Then BY fl C consists of at least three points. Also, if E is a non-singular elliptic 
curve on Y, then BY fl E consists of at least one point. 
Proof. Consider X = X x x/G-{union of all quotient singularities}, where G is the 
Hilbert modular group corresponding to Y. If C r-1 BY consisted of at most two 
points, then there would exist in X a curve isomorphic to PI, C or C*. An unramified 
covering of it (again isomorphic to PI, C or C*) would be contained in XX X 
However, the projections of such a covering onto X have to be constant by the 
theorem of Picard. Also, if E rl BY were empty, then an unramified covering of an 
elliptic curve would be contained in X x X But again a holomorphic map of the 
universal covering C onto this curve composed with a projection on X has to be 
constant. Q.E.D. 
Remark. We point out that the proposition remains valid if we replace the Hilbert 
modular surface Y by an arbitrary algebraic variety which is the desingular- 
isation of the compactification of a quotient Xnlr with finite volume, where r is a 
discrete irreducible subgroup of (PL2(R))” satisfying condition (F) of Shimizu 
(see 141). 
2.2. 
In this section we will assume that Y(D, 8) is not rational. Using the curves FN 
and the curves arising from singularities we easily find a number of exceptional 
curves. Let t be the number of primes dividing D. 
If N(%) = 2, then the 2’-’ components of Fi are exceptional. If 2 is a norm in K, then 
F2 has 3.2’-’ components if 2,/‘D and 6.2’-’ components if 210, al4 of which are 
exceptional. But in the latter case every component of F2 intersects a (-2)-curve 
coming from a quotient singularity of order 2, which becomes exceptional by blowing 
down Fz. 
If IV(%) = 3 and 310, then (if Fs # 8) F3 consists of .12.2’-* components each of which is 
exceptional. 
If N(%) = 4 we have to distinguish: 
if m = (2) is a prime-ideal, F, consists of 10.2’-’ exceptional curves; 
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if % = !&!@i with ‘?& Z ‘@$, then F, consists of 6.2’-’ exceptional curves; 
if % = (2) = ‘$?. then the 8.2’-’ components of F, are exceptional. 
Let us write D as a product of prime discriminants D = I? Di and let us define 
i=I 
characters Xi(N) = (DJN) if N is an odd prime and xi(2) = (D/2), where 
() 1 
-= 
0 if Di 3 O(mod4) 
2 
1 if Di z l(mod8). 
- 1 if Di 5 5(mod8) 
Thus, if Y(D, ‘%) is not rational, we can blow down /3(D, %) curves on Y(D, 9?), 
where 
I 
i (0, 2)2 fi (1 + Xi(2)) + 2’-’ if N(‘%) = 2, 
I= 
P(D, %E) = ( 
6 fi (1 + X(3)) 
. (4- (9).2’ 
if N(R) = 3 and 310, 
if % = (2), 
I 0 otherwise. 
We will denote the resulting surface by Y*(D, %>. 
In all cases where Y(D, ‘92) is neither rational nor of general type we find 
K$o(~,~, =0. This motivates the following conjecture: 
CONJECTURE I. The surface Y*(D, %) is the minimal model of Y(D, %). 
Similarly, we can blow down &(D, 8) curves on Y_(D, 8) if Y_(D, %) is not 
rational, their number /3_(D, %) being &(D, %) = p(D, 3) if D is a sum of two 
squares, while if D is not a sum of two squares, 
(1 + xi(-2)) if DZ 33 and N(s) = 2, 
p-(0,%) = ‘6 fi Cl+ Xi(-3)) if N(92) = 3 and 3]D, 
8 if D = 28 and N(%!) = 3, 
112 if D = 33 and N(Z) = 2. 
The resulting surface will be denoted by Y_*(D, %). 
CONJECTURE II. The surface Y_*(D, ‘%) is the minimal model of Y_(D, %). 
In[6] Hirzebruch and Van de Ven have made a similar conjecture for Y(D) with D 
prime. This conjecture was generalised by Hirzebruch and Zagier to a conjecture 
concerning Y(D) and Y_(D) for all discriminants D. More precisely, it was shown 
in[7] that in case Y(D) is not rational, one can blow down p(D) curves on Y(D), 
where 
Call the resulting surface Y*(D). Then (see[7]). 
CONJECTURE III. The surface Y*(D) is the minimal model of Y(D). 
2.3. 
We can reduce Conjecture I to this last one and Conjecture II to a similar one 
(see[71) in the following. 
THEOREM 6. Suppose Y(D) is not rational. Then if Y*(D) is minimal, Y’(D, ‘%n> is also 
minimal for all integral ideals 8 of Q(dD). 
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Proof. Let E, be an exceptional curve on Y(D, 8). On Y(D, ‘32) a finite group G 
isomorphic to I’(D, 0)/I’@, X) acts. We denote the transforms of E, under G by 
6,. . . , E,,,. The quotient Y(D, 97)/G admits only quotient singularities and has as 
minimal resolution Y(D). We have a diagram 
Y(D) ’ 
-1 - Y(D, 8)/G. 
There exists a rational curve E on Y(D) such that r-‘@(E) = El U . . . U E,,,. We will 
prove that E is an exceptional curve. As was shown in 14, p. 2531, the intersection 
number KC for a curve C on a Hilbert modular surface equals the sum of integral Jc T 
and the intersection number of C with the Chern divisors of the resolutions. 
Obviously, we find for the integral 
Let B(D) and B(D, 8) denote the divisors consisting of all curves of the resolution of 
the cusps of Y(D) and Y(D, !I?), respectively, with multiplicity 1. We claim 
2 EiB(Dy 8) d IGIB(D 
i=l 
In fact, using intersection theory on rational homology manifolds one has 
But El?(D) > @(E)@(B(D)). This can be seen as follows. Let Ci, . . . , Ck be the curves 
on Y(D) occurring in the resolutions of those singularities that lie on @(B(D)) and let 
B be the proper transform of @(B(D)) under a-‘. Then 
with I;, Sj E Q such that (E + Ik rjCj)Ch = 0 and (B + i sjCj)Ch = 0 for h = 1,. . . , k. 
j=l j=l 
We thus have 
@(E)@(B(D)) = EB + E i SjCj 
j=l 
and 
j=l 
Hence we have to show that Sj =S 1. This however follows since only quotient 
singularities occur under @ and B(D) consists of cyclic configurations. The union 
b Cj consists of a finite number of chains of the form C,, Ci,, . . . . 
j=l 
, C, with 
and BC, = 1, BC, = 1, BCi, = 0 if f # 0, 1. SO we get h, d si, + 1, 2sq S s++, + s+_, and 
2si, c sir + 1 from which Sj s 1. 
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We now obtain 
= - KEIGI. 
For the contributions of the Chern divisors corresponding to the quotient singularities 
not on @(B(D)), say R(D) and those on Y(D, 8) say R(D, %), the inequality 
ICI R(D)E 2 R(D, z)(g E)
is trivial. So we get -KE 2 (m/(G() > 0 and hence E is exceptional. (Note that E is 
non-singular, use Prop. I5 from[6].) 
Therefore, either we find no exceptional curve on Y(D, %), or we find an 
exceptional curve that corresponds to an exceptional curve on Y(D). In the latter 
case we blow down this exceptional curve E’ on Y(D) and all exceptional curves that 
lie in T-‘@(E’). If a curve C on Y(D, %) becomes exceptional, then by a similar 
reasoning one shows that the corresponding curve on Y(D) has to become ex- 
ceptional. Thus, our proof will be complete as soon as we have shown that the 
irreducible components of F,, F2, F,, F., and (if 310) FS are exceptional only in those 
cases mentioned in Conjecture I. 
Consider FI. Each compcment F of it is isomorphic to %/I’(N) where I’(N) is the 
usual principal congruence subgroup of S&(Z) of level N and N.Z = % n Z. If N > 5 
then these components are not even rational. Suppose N = 3, we have KF ~0, 
a(r(3)) = 4, where a(r) denotes the number of cusps of r. Since FI on Y(D) has one 
cusp, the four cusps of F are equivalent under G. So the intersection number of F 
with the cusp resolutions (all curves with multiplicity 1) is a multiple of 4. We find 
KF = 0 or KF d -4 (see[4], p. 253) and the latter case is obviously impossible since 
on a non-rational surface with q = 0 one cannot have a non-singular rational curve 
with KF C -2. If N = 5, we find KF = 20 - 12n since a(r(5)) = 12 and the intersection 
number of F with the resolution is a multiple of a(lX5)), i.e. KF = 8 or KF s -4. 
Arguing similarly for Fz, F,, F4 and (if 310) F9 finishes the proof. Q.E.D. 
THEOREM 7. For every discriminant D there exists an eflectively computable natural 
number No, such that Y(D, %) is a minimal model if N(%!) 3 ND. 
Proof. Suppose there exists an exceptional curve E, on Y(D, %) for some ideal 
%. Denote the images of E, under the action of I”(D, 0)/rl(D, !J?) by El,. . . , E,,,. Since 
we may assume that Y(D, %) is of general type, they are disjoint exceptional curves. 
Let us assume that Y(D) is not rational. Then their image F on Y(D) is exceptional. 
(see the preceding theorem.) 
Let (IT(D, CT)/r’(D, %)I be nm, then we have 
(*I -I, +-FB(D)-FR(D)=-1. 
- I 9 - EiB(D, %) = -1 i=l,...,m. Ei 
Here R(D) denotes the Chern divisor of the resolutions of the quotient singularities. 
Moreover, we have _fEi + = n $F +. We thus obtain 
2 EB(D, s) = mnFB(D)+NMFR(D)-mn+mamn/3+m 
by Proposition 5. Note that by Proposition 5 Z EiB(D, %) > 0, hence FB(D) 2 1. Let 
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Ah(D) be the number of cusps of Y(D, %n>. By blowing down El,. . . , E,,,, we obtain 
for the image B’(D, %) of B(D, 8) on the resulting surface Y the estimate 
KyB’(D, 3) <[U+: U*][U : U(%)]AC, - mn/3 
where 
CD = mix {aTs dS&)-p)b E %+), 
(Here we have denoted the ideal class group and the strict ideal class group by % and 
%‘+, respectively, the map % + %‘+ induced by raising ideals to the power -2 by Sq and 
the expression i (bi - 2) by c(a) for an element v E %’ with associated cycle 
i=O 
(h3,. . . , b,), see[4].) Note that CD is just an upperbound for KB where B is the 
divisor consisting of all the primitive cycles occurring in the cusp resolutions on 
Y(D, %). Now we have A = c(~)mn/N(%)[U : U(rJz)]. Hence we would obtain 
KB(D, )32) < 0 if N(S) 2 (3/2)[ U+: U*]C, This yields the desired contradiction. In 
fact, blow down successively exceptional curves until a minimal model X of Y(D, 82) 
is reached. Remark that the image of B’(D, %) on X is a divisor and not a number of 
points, because this would imply that the cyclic configurations of B(D, %) on Y(D, %) 
could be obtained by successively blowing up a number of points. For the image B” of 
B’(D, %) on X one would get Xx . B” < 0, which contradicts Proposition 3. We 
conclude that if Y(D, %) contains exceptional curves, N(S) has to be bounded by 
some natural number ND. If Y(D) is rational the line (*) can be replaced by 
- 
I 
F T - F@(D) + R(D)) = I, IS-l. 
From Proposition 5 and -J’B~ + - EiB(D, 8) = -1, i = 1, . . . , m, we see 
- 
I 
+>o, hence- ~>OandI+F(B(D)+R(D))>O. 
Ei I F 
Then we obtain: 
x EiB(Dy %) = -mn 
I 
+ + m = mn(l + F(B(D) + R(D)) 
F 
+m=tmn+mwitht >O, 12t E N, 
and we finish the proof in a similar way. Q.E.D. 
Of course a similar theorem can be obtained for the surfaces Y-(D, 8). 
Remark. The lower bound ND can be improved a little bit by considering only 
those ideals % which belong to a certain strict ideal class instead of all integral ideals 
and by taking X c(Sq(a) + %) instead of cr,. 
oE’g 
We give some examples to illustrate Theorem 7. 
The modular surface Y(D, ‘!Jl) for an ideal % with norm N = N(g) is minimal if D 
and N(‘%) are as indicated. 
D Na 
29 8 
37 11 
40 18 ifs-0 
12 if%+0 
41 17 
44 18 if%-0 
12 if%+0 
53 11 
56 24 if%-_ 
6 %nzO 
57 27 if%-0 
21 if%+0 
61 17 
65 27 if%-0 
21 ifX+6 
69 24 ifX-0 
6 ifX+B 
(Here strict equivalence is denoted by -.)’ 
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83. A METHOD TO PROVE MINIMALXTY IN SPECIAL CASES 
In[3] Van de Ven and the author have given a method which supplies a proof of 
Conjecture III (and I, II) in many cases. In particular, Conjecture III has been 
established for all prime discriminants D with 89sD C 317 and all primes D for 
which Y(D) is of general type and Y(D)/L is neither rational nor of general type. Here 
L denotes the involution induced by interchanging the coordinates of XX 2’. We 
explain the method: 
By an abstract configuration % of r curves, we mean a symmetric r x r-matrix (aij) 
with “ii E 2, aij E N if i # j and a set of r natural numbers 7~1,. . . , nr. We say that % 
occurs on a compact complex surface X if there exist r curves Cr, . . . , C, on X, such 
that the virtual genus (see[6]) n(Ci) = ni i = 1,. . . , r and aij = CiCj. For each m E N, 
m L 1 we denote by B1” the set 
1 
P,,,(X) E N X runs through the set of compact complex surfaces 
I of general type on which % occurs 1. 
Then we assign to % the ordered set {d,,,(%)lm E N, m 3 1) where d,(Z) is defined in 
the following way (if Bsm is not empty): 
It turns out that for many configurations % we can determine an upperbound for 
d,,,(Z) in the following way: 
Suppose d,(v) > n, where n is such that we can construct an effective m-canonical 
divisor D = 2 aiCi + R with s <r, ai k 1, RCi 3 0 on each surface X on which % 
i=l 
occurs and P,,,(X) z n. By hypothesis, such surfaces exist. 
BY 
i.e. 
successive intersecting of D with Cj j = 1,. . . , r, we obtain inequalities of type: 
2 aiCiCj d mKCj j = 1, . . . , r 
& a$Yij - m(-tYjj + 27rj - 2) G 0. 
If we get a system of r inequalities 
~aiixi-m(-ujj+2~j-2)~0 j=l,...,r 
which has no solution in N X . . . x N, then obviously we have a contradiction. Hence 
d,,,(V) < n. 
Example. Let E = {C,, . . . , C,,,} be a (-2)-configuration and C a non-singular 
rational curve with self-intersection -3 on a surface of general type. If (5 Ci)C 2 3, 
i=l 
thenp,Gl. 
Proof. Suppose ps 2 2. Then there exists at least one canonical divisor D that 
contains E and C. So D is of type 
D=gaiCi+bC+Rwithaial,b s~,RC~ZO,RC’>O. 
i=l 
We have to deal with three possible cases: 
(i) CC, 2 3 for at least one index I ‘o. Since KC = 1 and KC, = 0 we have -2a, + 
3b s 0 and 3a, - 3b S 1 i.e. a contradiction (cf. Prop. 4). 
(ii) CC, = 2 and CC,, 2 1 for some indices i0 and iI, i0 # i,:Then there exists a chain 
Cb, . . * 9 Cii, . . * 9 Ci, connecting Cb and Ci,. By proposition 4 we have 
21+ 1 
a, 3 1+1- b with I the length of the chain 
38 G. VAN DER GiER 
1+2 
ai, 2 1+1* 6. 
However, intersection with C gives 
a contradiction since b 2 1. 
(iii) CC, = 1, CC,, = 1 and CC, = 1. For a chain connecting Ck and Ci,, say (after 
renumbering conveniently) C,, Ci, . . . , Cl, Ci, we have by Proposition 4, a,> b, ai, > b. 
In fact, either CCi 2 1 for at least one j (1 -J = ’ c I) or there exists another (-2)-curve 
C,+, which intersects this chain. Similarly we obtain ai, > b. Hence we find by 
intersection with C -3b + ai, + ai, + a, d 1, a contradiction. Q.E.D. 
Now for many Hilbert modular surfaces Y’(D) and Y”(D, %) of general type 
minimality can be proved in the following way: Suppose that Y” is not minimal. Then 
there exists on Y” an exceptional curve E and by Proposition 5 this curve has at least 
3 points in common with the curves coming from the resolution of the singularities. 
By blowing down E one obtains a certain configuration of curves. If for all such 
configurations % arising from blowing down an exceptional curve, one can show 
d,(V) < p,( Y”) then obviously Y” has to be a minimal model. 
THEOREM 8. If the Hilbert modular surface Y” with Y” = Y”(D, %), Y” = Y-‘(D, g), 
Y” = Ye(D) or Y” = Y_‘(D) is of general type and for all curves C arising from the 
resolution of singularities KpC - = 1 holds then Y” is a minimal model. 
Proof. In view of Proposition 5 one obtains by blowing down a hypothetical 
exceptional curve E either one of the following configurations: 
(i) a rational curve C with n(C) a 1, KC s -1, 
(ii) three rational curves Ci with KCi = 0 i = 1,2,3 having one point in common, 
(iii) two intersecting exceptional curves, 
(iv) two (-2)-curves and one exceptional curve having one point in common. 
In the latter case we obtain by further blowing down either intersecting exceptional 
curves or a rational curve C with r(C) Z= 1 and KC s -1. All configurations arising in 
this way are proved to be impossible in[6] and[3]. 
This theorem implies e.g. that Y(D, 87) is minimal in the following cases 
D 
5 
12 
21 
28 
56 
60 
69 
77 
92 
N(‘%) 3 6 
N(‘%)a7 and ‘%!ZO 
!JJ#-6 
N(%) 2 4 and N+ 0 
%!+0 
% - ?Z with N(%) = 6 
%!+I!? 
%+-I?? 
!X+0 
Moreover, it also implies the minimality of the surfaces Y’(D, 8) for 
D N(8) 
13 4 
21 4 
24 2 
33 2 
40 2 
60 3 
85 3 
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For the determination of the isomorphism classes of Hilbert modular surfaces of 
general type the knowledge of a minimal model is indispensible. For an illustration we 
refer to[2], where several Hilbert modular surfaces are identified with double cover- 
ings of P2. 
Remark. As already has been mentioned before, for all Hilbert modular surfaces 
Y(D, 8) (resp. Y_(D, %)) which are neither rational nor of general type one obtains a 
minimal model by blowing down p(D, ‘;R) (resp. p-(0, %)) curves. The case Y-(33, %) 
with N(S) = 2 seems to be the only example of a non-rational modular surface 
Y&D, ‘Jz) where curves of the cusp resolutions have to be blown down in order to 
obtain the minimal model. 
Recently I was informed by E. Freitag that he has obtained a result similar to 
Theorem 7, by showing that Y(D, %) does not contain non-singular rational curves 
except those coming from the resolution of the cusp singularities if N(S) S 0. 
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